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Chapter )Rs; :c Algebra ,

Yola by Jacobson "

② An Introduction to Homological
Algebra by J. Rotman

Motivation :

"

unity
"

mathematical objects ,

- Graphs
- Topology
- Algebra
N 1945 by Eilenberg , MacLane .

- Carton
.

gsi.ca/-eg.-iesDefn:

-

A category 6 consists of
Cobb

,
Hom

,

0)
1. A class of ObG_ of objects
( usual'y denoted as A. B

,
C etc) .

2. For each ordered
pair of

objects A , B
,
a set

Hong /A , B) where elements
are called morphisms with
domain A 2 codomain B-



3-
o : Home ( A. B) ✗ Home / B, c)

→ Hong CA
, c)

(f
, g) /→ g-f

£-33 -9> C - > got
A

*→

s .t.cl: if (A. B) =) 4- D) then

Homola , =/ Herz @D) .

C 2 : (Associativity) :
ftp.z-z-h> ☐

hoglof) = ( hog) of .
H f E Hom

,
CA

,
B)

g. C- Homo ( B- c)
h C- Her

,
Cc

, D)

C 3 :( Unit) F 1A C- Homa ( A, A)
sit

11¥ f- B fola = f
A 1-If C-

Hens
,
(A.B)

A-F>
☐ ☐

1,30 5- = f.



Example : ① ¥ :

( sets, Herm , O )
Ob 6 =

sets
4- A

,
BE Ob 6 nthe set of

Hong ( A. B) = function from
A to B

o
'

: - usual composition of
functions

.

Here 1A E Hang CA - A)

1A : A → A

✗ 1-> x

② G:=G
Ob G = groups .

G
,
H E Ob G

Hom ( G
, H ) = set of all groupG-

homomorphisms from
G to H

.

o - composition of functions.



Ex :

" dual category .
"

Let G be a category .

We define ↳Tqop as follow , ,
op

Ob G = Ob G
For A , B Eob 6°

"

Hongo, CA .
B) : = Hong C B, A)

f C- Hong# , B)

g E Hom
Got

( B
, e)

fog : = fogcop

Top
6

in 66 ¥-87
☐

c

-Here 6° " is a category .

§Fy :

Def" : Let 6
,

D be categories
7- functor ( covariant) F : G → D



consists of
i. +1 A C- Ob (G)

,

3- FA E Ob D

2 ' f E Hom (A.B) Home # B)
6 →Han A. 5-B)

then
7 Ff C- Hong ( f- A. ¥53

Ff

-% -3 FA ¥ FB
A

st .

F) :

A £-373 -82 C FA FB Fc
-

• 1=(9-5) = Fg q Ff6

1--2 :

A %→A FA -1¥ FA

Fl /A ) = IFA



Contrarian.at factor :

is a Coronet facto- from
G
"
to D.

More precise 'y .
i. 4- A C- G

,
F FA ED
then 3- Ff

2 .

If
A £-7B ^

, 7F AFBst

Ft :

FC g-f) = F- (f) OFF
1=2 : F ( IA) = /

FA .

E1e : {b- Hector } § Vector }
spoil / IR spas

5- (V) = 1)
*

11 I> hl -7 FT

w
*

EpLe : ① G = scotesoy of groups
D= " " sets

F : G - D

A C- Ob (G)



F A : = A
B

A. B f Ob (6) IF it

☒ → 13 Ff : FA → FB
f Ff

Define Ff = f

o

'

. F is a covariant functor.
" forgetful

"

functor

② F : Rings → Groups
F ( R . -1.0) = (R, -1)
F f = f

( where 5- : R → s

ring homomip

③ G= Gategoy of topological spaces.
D= • " "

groups.

tt; : 6 → @
✗ 1-1 IT

, gx)
fundamental
group of X.

✗ IT
,
CX )

Ht tit.sk
ii. 147



§ ]. Products
Let €

, ,
Gz - groups.

product of objects -

"

products of
G
,
-

Gz
G
, ✗ Gz

Def" Let G be a category
- Give - A

, A, C- Ob (G) .

We deti - e a product of A. . Az is
a triplet (ftp.#Yh-Ac-ob (6)
¥>

A
, s.tl#-Az1

Given ( B, f , , fz ) , BE Ob (6)
fi C- HEMGCB , Ai )
7 ! f E Hom

,
(BA)

B- - -

€
.> A

¥5 '

" e Pi of = fu .

Hi

A
E1:① G- set

product of A.
,
Az = (Az , /☒,pD

A. ✗ Az : = { @ i. a) : ai c- A;]



P , : A → Ai

( a.az) ↳ a
,

13 : A → Az

(a.say ↳ a-

(B ,
f

,
,

fz) Define
B- -

f¥
> A f- (b) = ( fi•( b) ,£④)
¥

.
c- A

Aj

② G= Groups .

G
,
H C- Ob G

product of G
, H :

= 6×1-1 , P .
. Pa )

Facts : If product of A .
.
A
,
exists

in a category G
,

then it is

unique upto unique isomorph.sn .

"

one can define product of Aa
,

✗ C- I, Ay C- 0lb 6
"

.

where
I is

any indexing set
.

§Gpod



Let A. A
-

E Ob (6)
.

Then a coprud.net of A
,

>
Az is

a triplet C A
,
i
, , iz ) , A C- 0b( G)

i
;

: Ai → A st -

given ( B. 9, , 9, )
,

B C- Ob

9 ;
: Hi → B

,
then 7 ! g

sit .

A- ¥7B
2 7

sit Ii 09--90
,i-i.z.si

Ai

Ek : ① G- set
A.
, Az E G

co product ( A, E
, ,
%)

A :=A , 417<2 - disjoint union

i
; Ai → A

se 1-7 x

43, 9,92) A.
? -213

7

i. Thai
Hi



gca) = { Sia
>

,

AEA,

9,43 ,

a C- Az

i. ( A, i.
, iz) cop. - duct of

A. ;Az .

① G- Groups.
G
,
H groups.

c- product - ( G ⑦ H
,

i
,
>
ie )

G G④H i
,

: H →G④t)

g 1-7 (G , KH) h ↳ ( ta
,
b)


